Abstract. The notion of corona of two graphs was introduced by Frucht and Harary in 1970. In this paper we generalize their definition of corona product of two graphs and introduce corona product of two signed graphs by utilizing the framework of marked graphs, which was introduced by Beineke and Harary in 1978. We study structural and spectral properties of corona product of signed graphs. Further we define signed corona graphs by considering corona product of a fixed small signed graph with itself iteratively, and we call the small graph as the seed graph for the corresponding corona product graphs. Signed corona graphs can be employed as a signed network generative model for large growing signed networks. We study structural properties of corona graphs that include statistics of signed links, all types of signed triads and degree distribution. Besides we analyze algebraic conflict of signed corona graphs generated by specially structured seed graphs. Finally we show that a suitable choice of a seed graph can produce corona graphs which preserve properties of real signed networks.
Introduction
Signed networks represent a framework to deal with binary relationship between nodes in a network that has two contradictory possibilities. For example, like and dislike, love and hate, trust and distrust are considered as measures of relationships between people, whereas alliance and antagonism between two countries can be considered as contradictory binary international relationships. Signed network model to represent social systems was first introduced by Harary and Cartwright in 1956 to generalize the theory of balanced state of a social system developed by Heider in 1946 [8] . Heider rationalized his theory of balanced state by considering possible relationships in a system of three entities [19] . On the other hand, real world data can be put into the signed network setup to determine salient features of the data. For instance, in the trust network of Epinions, users establish binary relations to each other that reflect trust and distrust [16, 25] . Mathematically, a signed graph is a graph in which some edges are designated with positive sign reflecting positive relationship between the constituent pair of nodes and other edges are assigned negative sign which represents negative relationship. Thus signed graph is an ordered tuple G = (V, E, σ) where V denotes the set of nodes, E ⊆ V × V the edge set, and σ : E → {+, −} is called the signature function [34] . In this paper we use the terms signed graph and signed network interchangeably.
Structural balance of signed networks has always been the central topic in the study of real world signed networks. A signed network is called balanced or in balanced state if all triads in it are balanced [8] . A triad is balanced if all three edges are positive, or if two are positive and one negative. Alternatively, it is also established that a signed network is balanced if and only if all its cycles are balanced [17] . A signed cycle is called balanced if the number of negative edges in it is even. Most often it is hypothesized that real networks evolve towards balanced state [11] . See also [10] . However, recently an excellent article including a historical background about the development of the theory of balance demonstrates that this is not the case always [12] . If a signed network is not balanced it is called unbalanced. Evidently, it is unfair to call a signed network unbalanced if only a few cycles in it are unbalanced compared to an unbalanced network in which most of the cycles are unbalanced. Thus the concept of degree of balance of a signed network has emerged in literature, and several measures are proposed to estimate it [2-4, 13, 23, 33] .
Several signed network generative models are proposed in literature with a goal to preserve structural or statistical properties of real world signed networks. For example, in [21] a low-rank model based on matrix completion technique is proposed to generate signed networks which can inherit structural balance property of real networks. In [9] , the authors propose a parametric model to preserve degree distribution, sign distribution, and balance/unbalanced triad distribution of signed networks. This model is inspired by the popular Chung-Lu model for generation of unsigned networks. Recently, a model is proposed based on local preferential attachment to generate signed networks that have community structure and high positive clustering coefficient [27] . To the best of the knowledge of the authors, the literature lack a deterministic growing network model that can preserve sign distribution, and balance/unbalanced triad distribution of signed networks. Besides, spectral properties of the existing network generative models are completely unexplored.Thus how the spectral properties relate to the structural properties of the networks generated by these models is unclear. Spectral property such as algebraic conflict [2, 23] , the smallest signed Laplacian eigenvalue of the network can estimate the degree of balance.
In this paper we first introduce the notion of corona product of signed graphs by generalizing the definition of corona product of unsigned graphs. Let G be an unsigned graph on n nodes, and H an unsigned graph. Then the corona product graph G • H of G and H is defined as the graph obtained by taking one copy of G and n copies of H, and then joining the ith vertex of G to every vertex in the ith copy of H [14] . Note that except the existing edges of G, H in G • H there will be nk new edges created where k denotes the number of nodes in H. For corona product of signed graphs, the job is to define the signs of these new edges so that when the graphs G, H are unsigned those edge signs will be positive. We define the signs of the new edges utilizing the formalism of marked graph which is a framework introduced by Beineke and Harary [6, 17] . We call this a marking scheme on the node set for the definition of corona product. We study structural balance of G • H, and provide a necessary and sufficient condition based on the structural properties of G, H such that G • H becomes balanced. Let T i denote a triad in a signed network with i number of negative edges in it, i = 0, 1, 2, 3. Obviously, the distribution of the numbers of T i s influence degree of balance of a signed network. Some of the earliest measures of degree of balance are defined in terms of the number of T i s. For example, the ratio of the number of signed to unsigned triads in a signed network is considered as the degree of balance. The positive and negative degree of a node u in a signed graph are defined by number of positive and negative edges incidental to the node u denoted by d + (u) and d − (u), respectively. The total degree and net-degree of u are given by d
, respectively. A signed graph is called net-regular if every node of it has the same net-degree d [29] . Note that net-regular signed graphs are signed counterpart of unsigned regular graphs. The adjcency matrix A = [a ij ] corresponding to a signed graph G = (V, E, σ) is defined by a ij = 1 if (i, j) ∈ E and σ((i, j)) = +, a ij = −1 if σ((i, j)) = −, and a ij = 0 otherwise. The signed Laplacian matrix of G on n nodes is defined as L = D − A where D is a diagonal matrix of order n whose ith diagonal entry is the total degree of ith node of G [23] . The signless Laplacian matrix of G is defined by Q = D+A. The eigenvalues of A, L, and Q are called adjacency, signed Laplacian and signless Laplacian eigenvalues of G. The eigenvalues of these matrices inherit structural balance properties of the corresponding signed graph. For example, a signed graph G is balanced if and only if adjacency eigenvalues of G are same as the adjacency eigenvalues of the underlying unsigned graph corresponding to G [1] . The least signed Laplacian eigenvalue is zero if and only if the corresponding graph is balanced [23] . For an unbalanced graph, the least signed Laplacian eigenvalues is considered as a measure of degree of balance of the graph and it is called algebraic conflict of the graph [2, 23] . We derive adjacency eigenvalues of G • H in terms of adjacency eigenvalues of the signed graphs G and H respectively, when H is net-regular. We determine signed Laplacian eigenvalues of G • H from which the formula of signless Laplacian eigenvalues follows after a marginal modification.
Utilizing the corona product framework for unsigned graphs Sharma et al. [31, 32] defined corona graphs as a model for generating large networks. See also [28] . Given a connected graph G = G (0) the corona graphs are defined as
The graph G is called the seed graph for the corona graph G (m) . Adapting this idea and incorporating the definition of corona product introduced in this paper, we define signed corona graphs by considering the seed graph as a signed graph as in equation (1) . Thus construction of signed corona graphs provides a deterministic growing signed network generative model. Obviously, the structural balance and spectral properties of G (m) depend on the choice of the seed graph and the distribution of signs of the new edges which appear due to the definition of corona product, that is, the marking scheme on the node set of the seed graph. The modelling perspective of preserving properties of real networks using G (m) raises the following question. Can we choose a seed graph G so that desired sign distribution, triad distribution, degree of balance in G (m) be obtained? We show that this is indeed the case. That is, given the statistics of signs of edges and triads of a real signed network it is possible to determine a seed graph such that the corresponding large signed corona graphs provide desired distribution of signed edges and triads approximately. The algebraic conflict of G (m) can be obtained by iterative use of the formula of signed Laplacian eigenvalues derived for corona product of signed graphs discussed above. Besides, we determine degree sequence of G (m) from which the positive and negative degree distribution of G (m) can be computed and compared with real networks.
Throughout we assume that the seed graph is a simple connected signed graph. The main contributions of this paper are as follows (1) We introduce corona product of two signed graphs based on the framework of marked graphs and study its structural properties.
(2) We study spectra and Laplacian spectra of corona product of signed graphs, and provide computable expressions of eigenvectors corresponding to such eigenvalues.
(3) We define signed corona graphs and propose it as a signed network generative model. We provide computable formulae of number of signed edges, triads, and positive and negative degrees of every node in a corona graph. We investigate algebraic conflict of corona graphs, which are generated by specially structured seed graphs. Finally we show that corona graphs can inherit properties of real signed networks.
Corona product of signed graphs
In this section we introduce corona product G • H of a pair of signed graphs G, H, and we study the structural balance and spectral properties of G • H. Note that this operation (product) is non-commutative, that is, G • H need not be equal to H • G. First we review the notion of marked graphs as follows.
A graph is called a marked graph if every node of the graph is marked by either a positive or negative sign. Thus a marked graph is a tuple G = (V, E, µ) where V is the node set, E the edge set and µ : V → {+, −} is called the marking function. An obvious way to construct a signed graph from a marked graph is be defining the sign of an edge of the marked graph as the product of signs of its adjacent vertices [18] . On the other hand, a marked graph can be defined from a signed graph G = (V, E, σ) by defining the marking of a node v ∈ V as
where E v is the set of signed edges adjacent at v. Such a method of marking is also known as canonical marking [6, 7] . There can be multiple ways to define a marking function for a signed graph. We consider two marking functions, canonical marking and plurality marking in this paper. We define plurality marking of a node v of a signed graph G = (V, E, µ) as
Hence a node is negatively marked in plurality marking scheme only when d
Thus from now onward we denote a signed graph as a 4-tuple G = (V, E, σ, µ) where σ and µ are the signature function and marking function defined on the edge set E and node set V respectively.
Thus we introduce the following definition for corona product of two signed graphs.
be signed graphs on n and k nodes respectively. Then corona product For instance, the corona product G 1 • G 2 of signed graphs G 1 and G 2 is shown in Figure  2 . Note that canonical and plurality marking are same for the graph G 2 . For G 1 the marking of the nodes 1, 3 are same for canonical and plurality markings, whereas the canonical and plurality markings of node 2 are − and + respectively. Thus the choice of the marking function produce different corona product graphs. Below we discuss structural and spectral properties of the corona product of two graphs.
Structural and spectral properties of
We provide the statistics about the number of edges and triads in
for a given pair of signed graphs Table 1 describes the statistics of edges in Table 2 describes the count of triads of type T i which denotes a triad having i number of negative edges, i = 0, 1, 2, 3. Table 2 : Counts of triads in
The proof of the formulas presented in Table 1 and Table 2 directly follows from the definition of corona product, and easy to verify. Indeed, note that when a node i of G 1 gets linked with all the nodes of the ith copy of G 2 , the total number of new triads created is |E 2 |, that is, a triad (i, j, l) is formed for every edge (j, l) in G 2 . Now the type of this triad depends on the marking of i, j, l and the sign of the edge (j, l). The signs of all three edges are given by µ 1 (i)µ 2 (j), µ 1 (i)µ 2 (l) and σ 2 ((j, l)). The total number of triads of G = G 1 • G 2 is given by
where T(G i ) denotes the total number of triads in
It is evident that G 1 • G 2 is unbalanced if one of the G i , i = 1, 2 is unbalanced. However if both G i , i = 1, 2 are balanced then it is not necessary that Figure 2 is balanced while G 1 and G 2 are balanced, whereas the graph
are with plurality marking Figure 3 : The corona product of
In the following theorem we classify when G 1 • G 2 will be an unbalanced graph when G i is balanced, i = 1, 2.
is unbalanced if and only if G 2 contains one of the following types of edges. (i) a positive edge which connects two oppositely marked nodes (ii) a negative edge which which connects two positively marked nodes (iii) a negative edge which connects two negatively marked nodes.
Proof: The proof follows from the fact that any positively or negatively marked node of G 1 forms a triad T 1 in G 1 • G 2 when there are edges of type (i) and/or (ii) in G 2 , otherwise it forms a triad of type T 3 when G 2 has an edge of type (iii).
It follows from Theorem 2.2 that for two balanced signed graphs G 1 and G 2 , the corona product graph G 1 • G 2 is balanced if and only if every positive edge of G 2 is incidental to a pair of negatively or positively marked nodes, and every negative edge must be incidental to a pair of oppositely marked nodes. Now we focus on the spectral properties of
be two signed graphs with n and k number of nodes, respectively. Suppose V 1 = {u 1 , . . . , u n } and V 2 = {v 1 , . . . , v k }. Let us denote the marking vectors corresponding to vertices in G 1 and G 2 as
Then with a suitable labeling of the nodes the adjacency matrix of G 1 • G 2 is given by
where A(G i ) denotes the adjacency matrix associated with G i , i = 1, 2, ⊗ denotes the Kronecker product of matrices, I n is the identity matrix of order n, and
is same for every node v of the graph, and d is called the net-regularity of the graph. Then note that the net-regularity of a net-regular graph is always an eigenvalue of the graph and the all-one vector is the corresponding eigenvector. We denote the all-one vector of dimension k as 1 k . The following theorem provides adjacency spectra of G 1 • G 2 when G 2 is net-regular. Theorem 2.3. Let G 1 be any signed graph on n nodes and G 2 be a net-regular signed graph on k nodes having net-regularity d. Let (λ i , X i ) be an adjacency eigenpair of G 1 , and
In addition, if all the nodes in G 2 are either positively or negatively marked, that is
is an eigenpair of G 1 • G 2 where j = 1, . . . , k − 1, and {e i : j = 1, . . . , n} the standard basis of R n .
Proof: Let (λ, Z) be an eigenpair of
which yields the following system of equations.
where [A(G 2 )] xj denote the (x, j)th entry of A(G 2 ). Now adding the last k equations we obtain
. . , k and putting these in the first equation of the system we have
= λ i we obtain the quadratic polynomial equation
± and its corresponding eigenvectors
, and eigenvectors of a symmetric matrix form an orthogonal set. Hence
This completes the proof. Note that if G 2 is net-regular with plurality marking then either µ 2 (v j ) = + or µ 2 = − for all j. Hence the Theorem 2.3 provides all the eigenvalues of G 1 • G 2 for such a signed graph G 2 .
We mention that Barik et al. [5] gave the complete description of adjacency eigenvalues of G 1 • G 2 when G 1 , G 2 are unsigned and G 2 is regular. Theorem 2.3 generalizes their findings, and provides some insights about how signs of the edges and marking of the nodes influence the eigenpairs for corona product graphs. Now we consider signed Laplacian spectra of corona product graphs. The signed Laplacian matrix associated with a signed graph G on n nodes is defined as
where D(G) is a diagonal matrix of order n such that the ith diagonal entry is d
and A(G) is the adjacency matrix as usual [34] . The signless Laplacian matrix is defined as Q(G) = D(G) + A(G). Note that signed Laplacian matrix is a symmetric positive semidefinite matrix, and positive definite when the corresponding graph is unbalanced [20, 23] . The signless Laplacian matrix associated with a signed graph G and be considered as the signed Laplacian corresponding to the graph G which is obtained from G by converting the positive (resp. negative) edges to negative (resp. positive) edges in G [15] .
First we have the following observation which will be used in sequel.
Lemma 2.4. Let G be a signed graph on n nodes. Then 1 n is an eigenvector corresponding to a signed Laplacian eigenvalue λ if and only if d
Proof: From the definition of signed Laplacian matrix, we have For a pair of signed graphs G 1 = (V 1 , E 1 , σ 1 , µ 1 ) and G 2 = (V 2 , E 2 , σ 2 , µ 2 ) on n and k nodes respectively, the signed and signless Laplacian matrices of G 1 • G 2 are given by
with a suitable labeling on the vertices of G 1 • G 2 . Then we have the following theorem.
Then the roots of the polynomial equations
An eigenvector corresponding to such an eigenvalue x = λ corresponding to λ i in equation (6) is given by
where i = 1, . . . , n.
Proof: The proof is similar to the proof of Theorem 2.
. Then adding the last k equations we have
Hence the desired result follows by setting Z 0 = X i .
It is interesting to observe from Theorem 2.3 and Theorem2.5 that adjacency and signed Laplacian eigenvalues of G 1 • G 2 depend only on the degrees of the nodes of G 2 whereas the eigenvectors are influenced by degrees of nodes of G 2 and the marking scheme of G 1 . Besides, observe that the equation (6) gives the complete list of eigenvalues of G 1 • G 2 only when any two distinct nodes in G 2 have distinct negative degrees. Otherwise, the degrees of the polynomial equations (6) drop and it can not produce all the eigenvalues. In the extreme case when negative degrees of nodes in G 2 are all equal then the polynomials become quadratic and produce only 2n eigenvalues. The following theorem considers this case.
where
In addition if all the nodes in G 2 are marked either positively or negatively then an eigenpair of
where {e i : i = 1, . . . , n} is the standard basis of R n .
Proof: The first part follows from the proof of Theorem 2.5 by setting d
− for all j then by Lemma 2.4 1 k is an eigenvector of G 2 corresponding to the eigenvalue 2d
is a symmetric matrix and it has complete set of orthogonal vectors. Further, if all the nodes of G 2 are positively marked then µ[
If the nodes of G 2 are marked then µ[V 2 ] = −1 T k and hence the desired result follows. We emphasize that the Theorem 2.6 generalizes the result on Laplacian spectra of corona product of unsigned graphs obtained in [5] . Indeed, setting d − = 0 in the Theorem 2.6 describes complete set of eigenpairs of corona product of unsigned graphs. 
Application to signed network modelling
Corona product of unsigned graphs has been used as a framework to develop models for complex networks in literature [30, 32] . Inspired by this idea we propose signed corona graphs as a model for generating large signed networks. In this approach, we consider a small connected signed graph G = G (0) as a seed graph for generation of corona graphs given by
with a suitable choice of marking function which will be used in every step i ≤ m − 1 of the formation of G (m) . We explore different structural and spectral properties of G (m) which contribute to investigate how close does it preserve properties of real signed networks. Finally we consider the problem of structural reconstruction of real signed networks using G (m) by a suitable choice of seed graph that can inherit properties of real networks.
Obviously the structural properties of the seed graph G influence the structural and spectral properties of G (m) . For example, if the edges in G are of the type mentioned in (i), (ii), (iii) of Theorem 2.2 and all triads in G are unbalanced then all the triads in G (m) will be unbalanced. Thus in order to have balanced triads in G (m) , G must have edges which does not fall in the category of (i), (ii), (iii) of Theorem 2.2 or at least one balanced triad in G itself. Below we do a thorough analysis of structural and spectral properties of corona graphs generated by following the canonical marking scheme. We mention that the analytical expression of different properties of corona graphs corresponding to plurality marking is complicated and cumbersome.
Statistics of signed edges and triads in G (m)
First we have the following observations about G (m) , m ≥ 1 generated by a seed graph G on n nodes with k edges.
Total number of nodes in
2. The total number of copies of the seed graph in G (m) is (n + 1) m . This follows from that fact that at each step 1 ≤ i ≤ m the number of seed graphs added during the formation of G (i) is the number of nodes in
. Thus the total number of copies of the seed graph is 1 + n + n(n + 1) + . . . + n(n + 1)
3. The total number of edges added in the formation of G (i+1) from G (i) , 0 ≤ i ≤ m − 1 due to the definition of corona product, that is, excluding the edges in G (i) and edges in the newly appeared copies of seed graphs is given by n 2 (n + 1) i . This follows from that fact that for each node v in G (i) , n new edges will be created, and the number of nodes in G (i) is n(n + 1) i .
The total number of edges in
We denote n (i) + and n
− the number of positive and negative nodes in
respectively. Thus the total number of nodes in say) . We denote the vertex set which consists of the marked nodes in
Let the number of positive and negative links in G (0) be denoted as e
+ and e
− respectively. Consider counting the number of signed edges in G (m) . Note that the number of copies of the seed graph added during the formation of 
respectively. The first term in the expression of e (i+1) + counts the number of positive links which are part of the newly added copies of seed graph, the second term is the number of links which are formed by joining positively marked nodes in V (i) and positively marked nodes in the copies of the seed graph, and the third term is the number of positive edges formed by existing negatively marked nodes in G (i) and the newly appeared negatively marked nodes. Similarly, the expression of e (i+1) − follows. Now let us count the number of positively and negatively marked nodes in G (i+1) after its formation from G (i) . There can be two types of nodes in G (i+1) , the newly appeared nodes v ∈ V (i+1) \ V (i) and the existing set of nodes
The number of positively and negatively marked nodes among such nodes shall be n (i) + n and n
− n respectively. This follows from the fact that when a new node (positively/ negatively marked) gets linked to an existing positively (resp. negatively) marked node in V (i) then it becomes positively (resp. negatively) marked due to the definition of canonical marking. Now let us consider the marking of nodes in V (i+1) ∩ V (i) . Note that any node v ∈ V (i+1) ∩ V (i) was already marked during the formation of G (i) . When G (i+1) is formed, each such node forms links to all the nodes in a copy of a newly appeared seed graph. If it was µ(v) = + then it remains the same marking when n − . Thus finally we have the following. The number of total positively and negatively marked nodes in G (i+1) is described in Table 3 . 
where the values of n
− can be computed from the recurrence relation given in Table 3 for all i. Similarly,
It is evident from the above expressions that marking of nodes in the seed graph plays the key role. Besides, the number of positive and negative edges become equal when the number of positively and negatively marked nodes are same in the seed graph. Now we focus on couting the number of triads of type T i , i = 0, 1, 2, 3 in G (m) . First observe that there can be six types of links in a signed graph. A positive/negative link can be incidental to positively marked nodes, oppositely marked nodes or negatively marked nodes. When such nodes in a triad in a copy of the seed graph get linked during the formation of each step of the corona graph adjacent to oppositely marked nodes. Then the Table 2 gives the number of triads of T j , j = 0, 1, 2, 3 added after the formation of G (i+1) from G (i) due to the new signed edges created between the nodes in V (i) and
We denote this number as T Table 4 : The number of T j type triads between the nodes in V (i) and
Note that if any type of triad is present in a seed graph G = G (0) , it will appear every time a copy of the seed graph gets attached to the formation of G (m) . Let T (0) j denote the number of triads of type T j that exist in G (0) . Then the total number of T j j = 0, 1, 2, 3 type triads T j (G (m) ) in G (m) can be calculated as follows.
where the first term includes the number of T 0 type triads which are in the copies of the seed graph in G (m) , and the remaining terms are due to the new triads which are born during the formation of the corona product in each step of the formation of G (m) . The values of n (i) − can be found from Table 3 for each i. Similarly we have the following.
− can be computed by using the recurrence relation given in Table 3 . Note from the above formulas that the number of T j type triads in G (m) can be controlled by choosing the seed graph with an appropriate distribution of signed edges whose adjacent nodes are marked in a particular fashion.
Degrees of nodes of G (m)
Note that after the appearance of a node in a particular step during the formation of G (m) , from next step onward the total degree of the node increases by n at every step until the process stops. The dynamics of the change in positive and negative degrees depend on the existing marking of the node and the marking of the nodes which get linked to it at every step. Since the new nodes which get linked to an existing node are the nodes in the copy of the seed graph, the change in degrees of the existing node depends on the marking of the nodes in the seed graph. We first derive the positive and negative degrees of the nodes in G = G (0) , and then we consider nodes in G (i) that is which appear at the ith step during the formation of G (m) , 1 ≤ i ≤ m. The initial marking of a node v is denoted by µ(v). By initial marking we mean once the node v joins the existing graph.
We have the following theorem which provides positive and negative degree of a node in the seed graph G (0) after the formation of G (m) . Table 5 . Proof: Let n + and n − be odd. If a node v in G is positively marked then at every step of the formation of G (m) the marking of the node will change since at every step it will generate odd number of negative links to the newly appeared nodes in a copy of the seed graph. If µ(v) = + (resp. µ(v) = −) at any step then at the next step it will generate n − (resp. n + ) negative links. If m is even then at m/2 number of steps it will be incidental to n − and n + nodes. Thus the desired result follows. A similar argument can prove the case for m being odd. If µ(v) = − it's marking shall change at every step and hence the desired result follows.
Let n+ be even and n − odd. If µ(v) = + then next step the v will generate n − negative links and since n − is odd, its marking become −. From next step onward it will generate even number n + of negative links at every step as n + is even. Hence µ(v) remains − for all the steps till m. Thus the desired follows. If µ(v) = −, it remains negatively marked for all the steps since it generates even number of negative links. This completes the proof.
Let n + and n − both be even. If µ(v) = +, it remains positively marked for all the steps since every time it generates n − number of negative links and n − is even. Similarly, if µ(v) = −, it remains negatively marked as every times it creates even number of new negative links. Hence the proof.
Finally let n + be odd and n − even. If µ(v) = + it remains + since at every step it creates even number n − of negative links. If µ(v) = − then at the next step the marking becomes + since it creates n + number of negative links and n + is odd. Next step onward it creates even number n − of negative links and hence the marking of v remains + for ever until mth step. Hence the desired result follows. Now we consider the positive and negative degrees of a node v which appears at the ith step, that is, during the formation of G (i) , 1 ≤ i ≤ m and gets linked with an existing node u in
. Obviously u is a node in a copy of the seed graph and it has a marking µ(v) as a node in the seed graph but as soon as it joins the node u in G (i−1) , the marking of v may change depending on the marking of the node u. Let us denote the degree of v as d ± 0 (v) when we consider it as a node of the seed graph and the positive or negative degree increases by 1 when it joins u in G (i−1) depending on the marking µ(u). The following theorem provides the positive and negative degree of such a node v. Table 6 . We denote the marking of v as µ 0 (v) when we consider it as a node in the copy of a seed graph which joins the graph G (i−1) , whereas µ(u) denotes the marking of u as a node in Table 6 : Positive and negative degree of a node which appears at the ith step during the formation of
The proof follows by observing the change of marking of a node v due to the appearance of n new nodes which connect to v in every step after it appears in the ith step of the formation of G (m) . Let v be a node which appears in
Recall that a node is positively marked if and only if it is attached to even number of negatively signed links, otherwise the marking of a node is negative.
First assume that n − and n + are odd. Let µ(u) = + and µ 0 (v) = +. Note that sign of the edge between u and v is µ(u) × µ 0 (v) = +. Hence the marking of v in G (i) is + as the number of negative edges adjacent to it does not increase by 1 and µ 0 (v) = + implies it was attached to even number of negative edges. At the (i + 1)th step v forms n − negative edges and n − is odd. Hence µ(v) = − in G (i+1) . Proceeding similarly, the sequence of marking of v will be +, −, +, −, . . . . Thus the positive degree of v increases as follows. At G (i) the degree of v becomes d It is evident from the expressions of the positive and negative degree from Table 5 and Table 6 that as i increases the degree decreases. This means a degree of node is higher than the degree of another node if it joins the network before than the another one. Finally the degrees of the nodes in G (0) are the highest ones. For the computation of degree distribution of corona graphs the frequency or total number of occurrence of a node with a particular degree need to be determined. Thus the question is how many nodes do have a particular degree given in the tables above? It is obvious from the construction of the corona graph that the number of nodes which appear at step i with a given degree d ± (v) with (µ(u), µ 0 (v)) = (+, +) is n
Below we compute positive and negative degree distributions of corona graphs Figure 5 for the seed graphs 
Algebraic conflict of corona graphs
Recall that algebraic conflict of a signed graph is the least signed Laplacian eigenvalue of the graph [2, 23] . Theorem 2.5 gives the complete list of signed Laplacian eigenvalues only when distinct nodes of the corresponding graph have distinct negative degrees. However for a large graph the computation of these eigenvalues by calculating roots of high degree polynomials is computationally challenging. Due to the exponential growth of corona graphs, withing a few steps the corona graphs contain huge number of nodes even if the seed graph has considerably small number of nodes. Thus we consider Theorem 2.6 which gives the collection of all signed Laplacian eigenvalues of the signed graph G 1 • G 2 when marking of all the nodes of G 2 are either + or −, and negative degree of all the nodes in G 2 are same. Hence setting a seed graph G = G (0) having these properties we provide expression of signed Laplacian eigenvalues of G (m) as follows by iterative use of Theorem 2.6. First we have the following lemma which will be used in sequel.
Lemma 3.3. Let n, m be positive integers. Then
Proof: The proof follows from Lemma 1 in [32] . Consider the function f : R → R defined by
where d − is a nonnegative integer and n is a positive integer. Denote f i as i number of compositions of f with itself. For example, f 1 = f and f 2 = f • f. Then we have the following theorem. Proof: First note that 2d − is a signed Laplacian eigenvalue of G due to Lemma 2.4. The expression of signed laplacian eigenvalues of G (m) follows from iterative use of Theorem 2.6. Using Lemma 3.3 it can be easily verified that this is the complete list of signed Laplacian eigenvalues of G (m) . The algebraic conflict of corona graphs defined by a seed graph satisfying the properties of Theorem 3.4 can be calculated by taking the minimum of the signed Laplacian eigenvalues of G (m) as given in Theorem 3.4. However it is interesting to verify that 2d − is a fixed point of the function
for any n. This implies that if 2d − is the algebraic conflict of a seed graph G with every node having negative degree d − , 2d − remains the algebraic conflict of G (m) for any m ≥ 1. An example of a seed graph having algebraic conflict 2d − is given by Figure 6 : Seed graph G with algebraic conflict 2 where n = 4 and d − = 1. Otherwise, for seed graphs G (0) if 2d − is not a signed Laplacian eigenvalue , we conjecture that η min + 1 ≤ f i (η j + 1), 1 ≤ i ≤ m − 1, 1 ≤ j ≤ n − 1 and η min + 1 ≤ f m (η j ), 1 ≤ j ≤ n, and hence algebraic conflict of G (m) is algebraic conflict of G (0) plus one. We verify the same for all possible signed graphs on 3, 4, 5 nodes satisfying the conditions in Theorem 3.4. In that case it would be a remarkable feature that degree of balance of corona graphs G (m) is not affected by values of m and large signed corona graphs can have small algebraic conflict which is at the order of the algebraic conflict of the seed graph. We consider a few seed graphs on 3, 4, 5 nodes that are given in Figure 7 and compute the algebraic conflict of Figure 8 . 
Real signed networks and signed corona graphs
As mentioned in the introduction, we now explore how signed corona graphs can gain us to preserve properties of real signed networks. We consider all the data sets of real signed networks, see Table 7 , that are reported in [25] and [9] , and available in SNAP project webpage [26] . One remarkable characteristic about these real networks is that each data set contains very high percentage of positive links than negative links, and balance triads dominates in number in all these networks. In particular, the number of T 0 is almost 70 − 90% among all other type of triads in all the networks.
Network

Nodes
Edges are highly influenced by number of T j , signed links, number of nodes and marking of nodes in the seed graph. Besides, the number of nodes in G (m) only can be of the form n(n + 1) m where n denotes the number of nodes in the seed graph. Hence it is evident that G (m) can not have any desired number of nodes in it, but given a total number of nodes in a synthetic network to be produced, one can determine suitable choices of n, m such that the number of nodes in G (m) approximately matches with the desired number of nodes. Then the goal will be to choose a seed graph on n number of nodes that can approximately catch up the desired number of signed edges and triads T j in G (m) . An another guide from Theorem 2.2 is that the marking of nodes which are adjacent to a positive/negative link in the seed graph must follow some conditions in order to produce all types of signed triads in the network.
Structural properties of corona graphs corresponding to some seed graphs on 4 or 5 nodes for which all type of triads exist, are described in Table 8 . It follows that these corona graphs fail to preserve properties of real networks. Evidently, a corona graph G (m) for some m ≥ 1 can preserve structural properties of real networks only when an appropriate seed graph should be chosen. Note that in real networks T 0 ≫ T j , j = 1, 2, 3 and e + ≫ e − . Thus seed graph must contain high number of positive edges and T 0 , and negative edges in the seed graph must be connected in such a way that the generation of T j , j = 1, 2, 3 can be controlled during the formation of resulting corona graph. Recall that the total number of triads T j of type T j , j = 0, 1, 2, 3 in G (m) generated by a seed graph G = G + denote the number of negative and positive edges in G respectively. However there are six types of edges in the seed graph based on the marking of the adjacent nodes. In order to obtain a compact expression of T j s in the corona graph we set some of the values of the parameters to be zero that is we exclude certain types of edges in G. This helps to set values of the other parameters so that finally the desired distribution of T j can be obtained. Table 9 : Corona graph G (m) which preserves characteristics of signed links and triads of real networks. N and E denote the total number of nodes and links in G (m) . p(E + ) and p(T j ) denote the fraction of positive links and triads of type T j in G (m) respectively.
Graph
Setting |E The reason behind choosing T
3 = 0 is that we want the number of T 3 to be minimum among all triads. Besides, note that k 2 ≫ k 3 . Finally considering e j , j = 1, 2 the desired statistics of real networks can be obtaind. In Table 9 we consider certain seed graphs under these conditions and show that the corresponding corona graphs can preserve the signed edge and triad distribution of real networks. The positive and negative degree distributions of the corona graphs G (m) defined by the seed graphs given in Table 9 are plotted in Figure 9 . However do not compare it with real networks since the number of nodes and links in G (m) do not match the same for real networks. 
Conclusion
We defined corona product of two signed graphs and study their structural and spectral properties. A signed network generative model is proposed based on corona product by taking the corona product of a small graph with itself iteratively. This small graph is called seed graph for the resulting signed graphs, which are called corona graphs. We derived fundamental properties of corona graphs that include number of signed links, signed triads, degree distribution and algebraic conflict of the corona graphs. Finally we show that a seed graph can be chosen for which the corresponding corona graphs can preserve properties of real signed networks.
We believe that the framework of corona product introduced in this paper can be extended to define corona product of gain graphs and weighted graphs. Besides, generalized corona
